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MEASUREMENT OF INHOMOGENEOUS 
MAGNETIC FIELDS USING A 

ROTATING DIPOLE SEARCH COIL 

by 

Niels J. Hansen 

ABSTRACT 

The measurement of inhomogeneous magnetic fields using a rotating 
dipole search coil has been investigated for both two-dimensional fields and 
cylindrically symmetric three-dimensional fields. It is found that when the 
fields are expressed in t e rms of an appropriate se r ies expansion, the coil 
shape may be determined such that the constant t e rm of the expansion may 
be measured to any desired degree of accuracy. An optinnum coil shape to 
minimize the contributions from te rms of higher order is one with rectan­
gular cross section and whose parameters satisfy the relation 

5 5 
9 Ti - ri , 

where rj and rj are the outside and inside radii , and 2h is the full 
width. By use of such a coil with x = rjxz - 0.3, ignoring the fact that 
individual turns may not be flat and circular , but may actually be some 
sort of helical segment, and by ignoring possi];>le deformations that may 
occur during the fabrication of the coil, except for a simple eccentricity 
of the rotation axis, the field of the Argonne double-focusing alpha-
part icle spectrometer may be measured with a theoretical precision of 
one part in 10 . In actual pract ice, real imperfections in the coil plus 
other factors, such as the difficulty in measuring small voltages and the 
problems encountered when attempting to balance the phase of two s imi­
lar signals, may limit the accuracy to about one part in 10 . 

I. INTRODUCTION 

It is a natural consequence of Faraday 's law of electromagnetic 
induction that when a conductor moves through a magnetic field, an emf is 
induced along its length, and if the ends are joined by a closed circuit a 
current will flow. The induced emf is proportional to the velocity of motion 
and to that component of the magnetic field which is perpendicular to the 
direction of motion. That component of the field which is paral lel to the 
direction of motion does not induce an emf in the conductor. 



quence of F a r a d a y ' s law and m a y be used '° ^ ^ ^ t ic f ield, the 
magnet ic f i e lds . ' When used for "^^-^^^^rToZ^^eLon of the f ie ld, 
axif of rota t ion mus t be al igned P ^ P - ^ ^ ^ ^ x wiU not c o n t r i b u t e to the 
because the component of the field - 1 ° - ^ ' ' ^ ^ ^ ^ ' . ^ ^ j ^ j ^ ^ ^ be the va lue of the 
m e a s u r e m e n t , the resu l t of ' ^ ^ ^ - ^ - ^ " ^ ^ ^ ^ " ^ ^ ^ ^ ' r m f ie lds the emf i n d u c e d 
field at the geomet r i c cen te r of the coiL ^-^^^° ^^ ^^^^^.„„ „f ^he 
in the coil will be pure ly s inusoidal ^^'I'^^J^^'^^J,^^ , ^ , , tha t a r e 
coil; when m e a s u r e m e n t s a r e - f ; / ^ . ^ ~ ° , , , d . and t h e s e h a r m o n i c 
ha rmon ics of the rotat ion 'l^^^^^^^^fZ'Zult of the m e a s u r e m e n t wi l l 
components will add m such a way that tne r e s u i , ., » . r . n T h e 
not yield the value of the field at the g e o m e t r i c c e n t e r of the co i l . T h e 
effelt of these harmonic components m u s t be m i n i m i z e d m o r d e r tha t the 
m e a s u r e m e n t have any meaning. It is the p u r p o s e of th i s i n v e s t i g a t i o n to 
de te rmine the magnitude of these h a r m o n i c con t r i bu t ions and to d i s c u s s 
means of minimizing or eliminaftng t hem a l t o g e t h e r 

If the nonuniform field is e x p r e s s e d in t e r m s of a F o u r i e r e x p a n ­
sion about the point (x, y, z) at which the m e a s u r e m e n t is to be m a d e , the 
component of the field that we wish to m e a s u r e is c h a r a c t e r i z e d by the con­
stant t e r m of the expansion. Then the con t r ibu t ions f r o m the h i g h e r - o r d e r 
t e r m s , which will co r re spond to d e r i v a t i v e s of the field in an equ iva l en t 
Tay lor ' s expansion, mus t e i ther vanish or be m a d e neg l ig ib ly s m a l l . Th i s 
p rob lem has been studied by Gar re t t ^ and by de Raad,^ who have shown tha t 
m the m e a s u r e m e n t of two-d imens iona l f ie lds , the d i m e n s i o n s of t he p r o b e 
coil may be de te rmined such that the l a r g e s t c o n t r i b u t i o n to the m e a s u r e ­
ment of the field will come f rom the f i f t h -o rde r t e r m , w h i c h i n ­
volves the fourth der iva t ive of the field, and is n e g l i g i b l e . In t he G a r r e t t 
ana lys is , which has been d i s c u s s e d by L a s l e t t , the s y s t e m is s e p a r a t e d 
into two p a r t s : the field region, conta ining no s o u r c e s , and the s o u r c e r e ­
gion, containing the c u r r e n t s o u r c e s . This t r e a t m e n t i s v e r s a t i l e and en ­
ables one to design, in p r inc ip l e , a c u r r e n t s y s t e m to p r o d u c e any a r b i t r a r y 
field configuration; conve r se ly , the field conf igu ra t ion m a y be d e t e r m i n e d 
for any a r b i t r a r y sou rce g e o m e t r y In th i s t r e a t m e n t , h o w e v e r , the p h y s i c s 
of an extended dipole coil ro ta t ing in a m a g n e t i c field i s o b s c u r e d by the 
fo rmal i sm, and it does not p e r m i t r e a d y e s t i m a t e of e r r o r s due to s i m p l e 
a s y m m e t r y m coil cons t ruc t ion . It i s a l s o not r e a d i l y ex tended to inc lude 
the case of m e a s u r e m e n t of t h r e e - d i m e n s i o n a l f ie lds 

de Raad used a m o r e d i r e c t a p p r o a c h to des ign a v a r i e t y of co i l s y s ­
t ems for m e a s u r e m e n t of the v a r i o u s F o u r i e r c o m p o n e n t s of s t r o n g l y i nho ­
mogeneous , t w o - d i m e n s i o n a l f i e lds . The g e n e r a l a p p r o a c h u s e d by de Raad 
is followed m the p r e s e n t d i s c u s s i o n and is s t r a i g h t f o r w a r d . 

The ro t a t i ng -co i l g a u s s m e t e r s in c o m m o n u s e today , s u c h a s t h o s e 
that a r e c o m m e r c i a l l y ava i l ab l e , ^ a r e s i m i l a r to the two c o i l - b a l a n c e d nu l l , 
or the two co i l -ba l anced n-iinimum, i n s t r u m e n t s d i s c u s s e d in d e t a i l by 



Hedgran* and by Backst rbm. ' The principle is very simple: the emf gener­
ated in the field-measuring coil is amplified by an amplifier tuned to the ro­
tation frequency of the coil; this signal is balanced against the output from a 
reference coil rotating on the same shaft in a known reference field, and the 
difference signal is amplified and rectified for measurement and display. 

The following discussion of the use of rotating dipole coils for mea­
suring magnetic fields will be divided into two par ts The first part will be 
s imilar to the discussion by de Raad of the measurement of two-dimensional 
fields possessing a median plane of m i r r o r symmetry The present d iscus­
sion will be extended to include the case for which the rotation axis of the 
probe coil lies in the median plane but may have any angular orientation with 
respect to the direction of the field gradient. The second part is a study of 
the measurement of three-dimensional fields with both cylindrical symmetry 
and a median plane of m i r r o r symmetry Again, the rotation axis lies in the 
median plane, but may have any a rb i t ra ry orientation with respect to the 
direction of the field gradient The two-dimensional problem is a special 
case of the three-dimensional problem when the radius of curvature of the 
field region is so large with respect to the dimensions of the search coil 
that the segment of arc may be approximated by a straight line. 

In this analysis we study an ideal extended dipole coil with rectangu­
lar c ross section; each turn will be assumed to be a flat c ircular loop, and 
the coil will be assumed to be free of any distortion or i r regular i ty in con­
struction except for a simple eccentricity of the rotation axis with respect 
to the symmetry plane of the coil. The resul ts obtained with such a coil 
will be presented in a general form, but will also be applied to the Argonne 
double-focusing alpha-part icle spect rometer , w^iich is described in Appen­
dix I. With an ideal coil that possesses at most a 10% eccentricity of the 
rotation axis, the field may be measured to one part in 10*. In reality, the 
coil will not be perfect, but will possess imperfections whose effects are 
difficult to a s sess : each turn is not flat and circular , but is some sort of 
helical segment, the rotation axis, in addition to a simple eccentricity, 
may suffer an a rb i t ra ry angular misalignment with respect to the symmetry 
plane; the finished coil may not be perfectly round and flat. In view of the 
manifold of possible imperfections, the accuracy will in all probability be 
somewhat less than one part in 10 , and will more likely be closer to one part 
in 10^ or 10 , a figure which comes close to the limitations on the accuracy 
determined by factors other than e r r o r s in coil construction. Noise in the 
amplifier and sl ip-r ing assembly limits the accuracy in the measurement 
of small voltages, and the difficulty in adjusting the relative phase of the 
field signal with respect to the reference signal in the two coil-balanced 
null or two coil-balanced minimum systems limits the precision of the mea­
surement . An a rb i t r a ry extended dipole coil that is not designed to have the 
optimum shape is discussed in Appendix II, and it is seen that for measu re ­
ments involving such weakly inhomogeneous magnetic fields as are 



1 V,., r i a r t i r l e s p e c t r o m e t e r , 
encountered in the Argonne double-focusing - I P ^ - P ^ ^ ^ ^ be g r e a t l y r e l a x e d , 
the conditions to be sat isf ied by the coil p a r a m e t e r s m a y g 

II E M F INDUCED IN A ROTATING COIL IN AN 
ARBITRARY MAGNETIC F I E L D 

A. Simple Rigid LOOP Rotating ^^ a Magnet ic F i e ld 

When a s imple c i r c u l a r loop of a r e a a is p l aced in a m a g n e t i c f ield 
of flux densi ty B such that the angle between the p lane of the loop and the 
d i rec t ion of the field is t , the flux linked by the coil i s 

I = Ba sin f. 

If the flux linked by the coil changes with t i m e , an emf 

d* 

^ = -Tt 

i s i n d u c e d in t h e l o o p . In t h e c a s e of a r i g i d t o r o i d a l l o o p of c o n s t a n t a r e a a 

r o t a t i n g a b o u t a d i a m e t e r p e r p e n d i c u l a r t o t h e f i e l d d i r e c t i o n , t h e a n g l e t 

w i l l b e g i v e n by 

* cut. 

w h e r e ID i s t h e m a g n i t u d e of t h e a n g u l a r v e l o c i t y . T h e e m f i n d u c e d i n t h e 

l o o p w i l l b e 

^sinSsin 1̂  sin fl 

Fig. 1. Single Loop Rotating on the End of the 
Radius Arm of Length h, Showing the 
Relations between the Coordinates for 
the Two-dimensional Configuration 

d t 
(B = (Dt) aU)B c o s iDt, 

(1) 

C o n s i d e r a s i n g l e l o o p a t t h e 

e n d of a r a d i u s a r m of l e n g t h h , r o ­

t a t i n g a b o u t t h e x ' a x i s , w h i c h l i e s i n 

t h e x - y p l a n e , a n d m a k e s a n a n g l e 0 

w i t h t h e X a x i s ( s e e F i g . 1) . T h e 

p l a n e of t h e l o o p i s p e r p e n d i c u l a r t o 

t h e r a d i u s a r m . T h e c o o r d i n a t e s of 

t h e l o o p a r e 6 a n d p , a n d t h e e l e ­

m e n t of a r e a of t h e l o o p i s 

da = pdpde 

and the flux l inked by the a r e a e l e ­
men t is 

d<J) = B sin f pdpdS. 



We a s s u m e tha t the f ie ld, B, i s i n d e p e n d e n t of t i m e , p e r p e n d i c u l a r to the 
x - y p l a n e , and e x p r e s s e d in t e r m s of the v a r i a b l e s ^ , h, p , 9, and fj. The 
flux l inked by the s ing le loop wi l l then be 

rP r^ 
^s = s in V I P^P I 

•'o -"o 

d S B (2) 

and the emf induced in the s ing l e loop as it r o t a t e s about the x' a x i s i s 

fP rZTX 
Vg = U) cos i|/ I pdp I dSB. (3) 

•̂  0 -'o 

B. Th ick Coi l Ro ta t i ng in a M a g n e t i c F i e l d 

In p r a c t i c a l m e a s u r e m e n t s the coi l wi l l not c o n s i s t of a s ing le loop 
but c o n s i s t s of m a n y t u r n s of w i r e , and thus wi l l have a f ini te e x t e n s i o n in 
s p a c e . The r e s u l t s ob ta ined wi th such an ex tended d ipole coi l wil l differ 
f r o m t h o s e ob ta ined wi th a s ing l e loop ro t a t i ng about a d i a m e t e r b e c a u s e 
in the e x t e n d e d co i l w i th a p l ane of m i r r o r s y m m e t r y only the t u r n s tha t 
l ie in the p l ane of s y m m e t r y wi l l be ro t a t i ng about a d i a m e t e r . F o r o u r 
d i s c u s s i o n we s h a l l a s s u m e tha t the co i l i s tha t shown in F i g . 2. The in ­
s ide r a d i u s i s r j , the ou t s ide r a d i u s i s r j , and the full width is 2h. We 
s h a l l f u r t h e r a s s u m e tha t the w i r e d i a m e t e r i s d, and tha t s u c c e s s i v e 
l a y e r s of w i r e a r e wound wi th the w i r e s s ide by s ide and d i r e c t l y on top 
of one a n o t h e r , a s in F i g . 3. The a r e a l d e n s i t y of t u r n s wi l l t hen be l /d^, 
and the t o t a l n u m b e r of t u r n s in the coil wi l l be 

N 2 h ( r 2 - r , ) / d^ (4) 

PLANE OF 
MIRROR 
S Y M M E T R Y ^ 

Fig. 2. Cross-sectional View of the Simple 
Extended Dipole Probe Coil 

Fig. 3. Illustrating Perfect Windings. 
Each Turn Lying Directly on 
Top of the Corresponding 
Turn of the Preceding Layer 
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The emf induced m the en t i r e extended coil is found by i n t e g r a t i n g (3) o v e r 

p from r, to r^, and over h f rom -h to +h: 

r^ „ , . (5) 
V = -V / dp dhVs 

d' Jr, J-h 

III. PROCEDURE AND NOTATION 

, , • „=.=^ =,= a s e r i e s expans ion , and th i s e x p a n -
When the field is e x p r e s s e d as a s e r i e s e^pa , , . , , , 

. ion IS Tubs^ituted into Eq. (3), the emf induced a round the ^^^f^'^^^^^ 
the field component i will be denoted as V, The emf induced in he en 
t i r e coil wil l be given by Eq. (5) and will be denoted as Vi The t o t a l emf 
induced in the ent i re coil by all the field componen t s wi l l t hus be the s u m 

V = X v i -
i 

In this ana lys i s , the contr ibut ion f rom each componen t of the field 
will be calculated separa te ly , and the coil p a r a m e t e r s wi l l then be d e t e r ­
mined such as to e l iminate or m in imize the c o n t r i b u t i o n s f r o m the h i g h e r 
order t e r m s in the expansion. If a l l of the c o n t r i b u t i o n s excep t that f r o m 
the constant t e r m can be e l imina ted , the m e a s u r e m e n t wi l l y i e ld the va lue 
of the field at the geome t r i c cen t e r of the coi l . C o n t r i b u t i o n s f r o m the 
higher order t e r m s in the expansion wi l l have the effect tha t the m e a s u r e ­
ment will yield a value other than that at the c e n t e r of the co i l . T h o s e 
contributions that cannot be e l imina ted by p r o p e r cho ice of co i l p a r a m ­
e te r s may be removed, or at l e a s t r e d u c e d , by p a s s i n g the s i g n a l t h r o u g h 
a tuned, ac coupled ampl i f ie r which is tuned to the r o t a t i o n f r e q u e n c y of 
the probe coil. The ha rmon ic and dc c o m p o n e n t s of the s i g n a l g e n e r a t e d 
by the higher o rde r t e r m s a r e thus f i l t e red out e l e c t r o n i c a l l y , and the r e ­
maining contr ibut ions will be shown to be neg l ig ib ly s m a l l . 

The resu l t of the field m e a s u r e m e n t wi l l be the output f r o m the 
amplif ier , and if the contr ibut ion f r o m the i - t h c o m p o n e n t i s denoted by 
l^i, the r e su l t s may be r e p r e s e n t e d as the s u m 

1/ = X ' ' i -

We shall not give the r e s u l t s V and 1/ b e c a u s e we a r e i n t e r e s t e d only in 
minimizing the cont r ibu t ions f rom the h ighe r o r d e r t e r m s , so it wi l l be 
sufficient to ca lcula te the indiv idual c o n t r i b u t i o n s l/i in order to examine 
their re la t ive effect on the m e a s u r e m e n t . 



P A R T I: M E A S U R E M E N T O F TWO-DIMENSIONAL M A G N E T I C F I E L D S 

I. THE F O U R I E R EXPANSION O F T H E 
TWO-DIMENSIONAL M A G N E T I C F I E L D 

We s h a l l c o n s i d e r the m a g n e t con f igu ra t i on of F i g . 4, wh ich h a s a 
p l a n e of m i r r o r s y m m e t r y , the x - y p l a n e . In th i s m e d i a n p l ane the field 
v e c t o r l i e s in the z d i r e c t i o n , the field g r a d i e n t l i e s a long the x a x i s , and 
the f ie ld i s c o n s t a n t in the y d i r e c t i o n . The field a t po in t s off t he m e d i a n 
p l a n e w i l l h a v e two c o m p o n e n t s , B^ and Bz , bo th of wh ich wi l l c o n t r i b u t e 
to a m e a s u r e m e n t m a d e wi th a r o t a t i n g - c o i l g a u s s m e t e r . A s p e c i a l c a s e 
i s e n c o u n t e r e d when the r o t a t i o n ax i s l i e s a long the x a x i s , and the c o m ­
ponen t Bx wi l l m a k e no c o n t r i b u t i o n . We sha l l c o n s i d e r the g e n e r a l c a s e 
w h e r e the r o t a t i o n ax i s wi l l l ie in the m e d i a n p l ane but wi l l be o r i e n t e d at 
s o m e a r b i t r a r y ang le wi th the x a x i s . We s h a l l c a l c u l a t e the c o n t r i b u t i o n 
f r o m e a c h of t he f ield c o m p o n e n t s s e p a r a t e l y and d e t e r m i n e the cond i t ions 
u n d e r wh ich the m e a s u r e m e n t wi l l y ie ld t he va lue of Bz in the m e d i a n 
p l ane to the d e s i r e d a c c u r a c y , whi le s i m u l t a n e o u s l y m i n i m i z i n g the con ­
t r i b u t i o n f r o m B v 

Fig. 4. Cross-sectional View of Two-dimentlonal Magnet Con­
figurations Possessing Planes of Mirror Symmetry 

The o r i g i n of the r e c t a n g u l a r c o o r d i n a t e s y s t e m s h a l l be t a k e n as 
shown in F i g . 4, and the m a g n e t i c s c a l a r p o t e n t i a l wi l l be the so lu t ion of 
L a p l a c e ' s equa t ion in p l ane p o l a r c o o r d i n a t e s . A g e n e r a l so lu t ion i s ' 

-f = 2^ (Ai^r'<^+Bi^r-'^XCk s in ky+Di<^ cos kY). 
k = o 

(6) 

To avoid a s i n g u l a r i t y at r = 0, we se t Bj^ = 0. If we then define 

AkCk = a ^ / k ; AkD)^ = b ^ / k , (7) 

the m a g n e t i c s c a l a r p o t e n t i a l m a y be w r i t t e n as 

Z i-k 
- j — (ai(. s in k¥ + b ^ cos k i ) . 

k = l 
(8) 
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where the a^ and bk may be -°^^'''"'^J°J'^ Tt^TrT.tioTs 
expansion on the unit c i r c l e . By making use 

(9) 
X = r cos Y; z = r s in T, 

A in r e r t a n e u l a r c o o r d i n a t e s : 
the s c a l a r magnet ic potential may be e x p r e s s e d in g 

-$ = a,z + a,xz + a3(x^z- |z3) + a . ( x ' z - x z ^ ) + . . . 

. b „ . b . x . ^ ( x ^ - z ^ ) . f ( x ' - 3 x z ^ ) + . . 

„ . e set . . 0 m the x-y plane, all of the b^ vanish , and the p l ane z = 0 wil l 

be a plane of m i r r o r symmet ry . We shal l have then 

i,z + a^xz + a3(x^z - iz^) + a,(x^z - xz^) + a^lx^z - 2x^z^ + | z ^ ) + 

(10) 

The magnet ic field is a vector quantity 

B = -V$ = XBX + zBz, 

with components 

a n d 

+ a3(2xz) + a 4 ( 3 x ' z - z ^ ) + a5(4x'z - 4xz^) (11) 

B , = - ^r- = a, + ajx + a3(x^- z^) + a4(x^ - 3xz^) + a5(x^ - 6x^z^+ z*). (12) 
^ oz 

In the median plane z = 0, and we have 

Bx = 0; Bz = a, + a^x + a^x^ + a4X^ + a^x^, (13) 

where we see that the coefficients of the F o u r i e r e x p a n s i o n in the m e d i a n 
plane may be identified with the d e r i v a t i v e s of Bz wi th r e s p e c t to x in an 
equivalent Tay lo r ' s expansion of the field about the o r i g i n . The z field, 
Bz, consis ts of a constant , the un i fo rm componen t , p lus c o n t r i b u t i o n s f rom 
the var ious der iva t ive t e r m s , and the x field, Bx, c o n s i s t s only of con­
tr ibut ions from the de r iva t ive t e r m s . F r o m F i g . 1 we s ee tha t c o m p o n e n t s 
of the magnet ic flux dens i ty l inked by the a r e a e l e m e n t m a y be e x p r e s s e d 
in t e r m s of i|), h, p, 8, and Q by m e a n s of the r e l a t i o n s 

X = (h cos i|( - p sin 6 s in f) sin Q + p cos 9 cos 0; ( I4a ) 

z = h sin i)i + p s in 8 cos i)f. ( I4b) 



IL THE E M F INDUCED IN THE E X T E N D E D COIL 
BY THE z F I E L D , B^ 

We now e x p r e s s B in t e r m s of t he v a r i a b l e s i|r, h, p, 6, and Ci by 
m e a n s of E q s . ( I 4a ) and (14b), t h e n m a k i n g u s e of E q s . (3) and (5), we c a l ­
cu la te the emf induced in t he coi l by e a c h c o m p o n e n t of the f ield. Owing to 
the m i r r o r s y m m e t r y of the p r o b e co i l , the c o n t r i b u t i o n s f r o m the odd d e ­
r i v a t i v e t e r m s v a n i s h . T h i s fol lows f r o m the fact tha t if we c o n s i d e r a 
T a y l o r ' s e x p a n s i o n of the field about the o r ig in , then wi thin a suf f ic ient ly 
s m a l l r e g i o n about t he o r i g i n the odd d e r i v a t i v e t e r m s wi l l be l i n e a r , to a 
good a p p r o x i m a t i o n , and the i n t e g r a l of odd p o w e r s of h f r o m - h to +h wi l l 
v a n i s h . The co i l p a r a m e t e r s r , , T^. and h, m a y then be d e t e r m i n e d such 
tha t the c o n t r i b u t i o n f r o m the s e c o n d d e r i v a t i v e t e r m is z e r o a l s o . The 
nex t l a r g e s t c o n t r i b u t i o n wi l l c o m e fron:i the four th d e r i v a t i v e t e r m wh ich 
wi l l be s e e n to be n e g l i g i b l e . 

A. The U n i f o r m - f i e l d Componen t , aj 

1. The Single Loop 

Vis = aiTTiDp̂  cos \|; (15) 

2. The E n t i r e Coi l 

Vi = -i-VoaiTT c o s i|i (16) 

w h e r e we have m a d e u s e of (4) and i n t r o d u c e d the e x p r e s s i o n 

2u)N, 2 2v ^^('^l - r i ) 11) * 
Vo = - ^ ( r f + r ^ r i + r ) = (17) 

3 3d^ 
After fu l l -wave r e c t i f i c a t i o n the output s i g n a l i s 

I/, = Voa,. (18) 

B. The G r a d i e n t C om ponen t , a j 

1. The Single Loop 

Vjs = a2TTa)hp^ sin Q cos^ 1/. ( I 8a ) 

2. The E n t i r e Coi l 

Vz = 0 

b e c a u s e the i n t e g r a l over the odd p o w e r s of h f r o m - h to +h wi l l v a n i s h . 
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C. The Second-der iva t ive Component , a^ 

1. The Single Loop 

V33 = a3n(.{h^p^[cos^ * s i n ^ n - s i n ^ • cos *] 

+ i p l s i n ^ t cos t sin^ fi - cos^ • + cos^ fi cos • ]} . 
4 

2. The E n t i r e Coil 

1 ""''- ""' l - M l - 3 sin^fi) 

(19) 

1̂3 •V„a, 20 rl 
(20) 

after full-wave rect i f icat ion. If the coil is cons t ruc t ed so tha t the coi l 

p a r a m e t e r s satisfy the re la t ion 

. . 5 
9 ^2 

20 rl - rl 
h^ = 0, (21) 

then the second-der iva t ive contr ibut ion will van ish . Equa t ion (21) i s 
the same condition found by G a r r e t t and de Raad . 

D. The Th i rd -de r iva t ive Component, a4 

1. The Single Loop 

a4nu)[h^p^(cos'' i|f s in ' f i - 3 sin i|/ c o s ' i)f s i n ' i|r) 

+ -jhp (cos <i sin cos^fi + sin^ i/ cos^ i|i s i n ' fi-sin i/ cos i|i cos^f i 

- s in ' i|r cos i/ sin^ fi - 2 sin \|( c o s ' i/ sin^ fi)]. (22) 

2. The En t i r e Coil 

V4 = 0 

because the in tegra l over the odd power s of h f r o m - h to +h v a n i s h e s . 

E. The Four th -de r iva t i ve Component , aj 

1. The Single Loop 

V5s = a5iiii,{h''p'[cos j, sin" ( - 6 s i n ' (r c o s ' f s i n ' fi + cos* « s in" .T) + -̂  h ' p " ( s i n ' | c o s ' f 

+ s in ' t cos (r c o s ' 0 + c o s ' (i s i n ' Cl c o s ' 0 f ( s ip" (, cos * + s i n ' (r c o s ' * - c o s ' *) s i n ' iT 

+ s i n ' t c o s ' t sin" iT] + J p ' ( c o s ' • - 2 c o s ' * c o s ' f] - 6, s i n ' • c o s ' • s i n ' il 

+ 2 s i n ' (, cos (, s i n ' n c o s ' 0 + c o s * c o s " 0 + s m " * cos t s in" • ) ) . ( 2 3 ) 



2. The Entire Coil 

1 '-2 

56 ,3 
h'̂  ri (13-18 sin^fi + 5 sin''.Q) +-— -^—-{3 sin^ Q - 5 sin^ Q) 
10 r i - r\ 

+ -pr( l - 6 sin^ n+ 5 sin^fi) (24) 

after full-wave rectification and simplification of the fi t e rms . Now making 
use of (21) and setting x = r , / r2 , this expression becomes 

1/5 = I v o a ^ r l l ^ 1 - ^ ^ ( 1 3 - 18 sin^fi+S sin" fi) 
1 - x ' 

500Vi .x3 / 
1 + 6 sin^ fi - 107.5 in" n)l, (24a) 

which will never be zero for an extended dipole coil, but if we take 
^ = ""i/rz = 0.3, which corresponds to Gar re t t ' s 'H' coil, we shall have 

1̂ 5 < V °^lw (25) 

for all fi. The relative contribution of the fourth-derivative component to 
the field measurement will be 

(26) 

This contribution may be made as small as we wish by using an appropri­
ately small coil. Suppose that we are measuring the field in a typical alpha-
part icle spectrometer of the double-focusing type with a pole configuration 
s imilar to that of Fig. 6, see Appendix I for a description of the ANL alpha-
part icle spectrometer . We take the equilibrium orbit to be XQ = 30 in. and 
the search coil dimensions to be of the order of 0.10 in. The three-
dimensional field may then, without too great an e r ro r be approximated by 
our two-dimensional model (see Pa r t II); the expansion coefficients of the 
two-dimensional model may be related to those of the three-dimensional 
model by comparing Eqs. (13) and (63), with the result that we simply r e ­
place an by an /x?" ' , so that we have aj/a, = 3.1 x lO'^/xJ = 3.84 x 10"" 
and we have then 

V, -^ 10- 10" (27) 

which is negligibly small . 
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HI, THE EMF INDUCED IN THE E X T E N D E D COIL 
BY THE x F I E L D , Bx 

The X component of the magne t i c field di f fers s ign i f i can t ly f r o m 

the z component in the following ways : 

1. It is p a r a l l e l to the x -y p lane . 

2 There is no constant t e r m in the F o u r i e r expans ion of the 
X field; the leading t e r m is the f i r s t - d e r i v a t i v e componen t . 

3 The emf induced in the coil is 90= out of p h a s e with the emf in ­
duced by the z field, it is a m a x i m u m for fi = 90 and is z e r o 
for fi = 0 because no net emf is induced in the co i l by f ie lds 
p a r a l l e l to the axis of ro ta t ion . 

The contr ibutions from the odd-der iva t ive components wi l l vanish a s they 
did for the z field and only the e v e n - d e r i v a t i v e componen t s w i l l ex i s t . The 
second-der iva t ive t e r m will vanish when condit ion (21) i s s a t i s f i e d , and the 
four th-der iva t ive contr ibut ion will be s m a l l . The ana lys i s of the x f ield 
will be the same as the analys is of the z field in Sect . II. We s h a l l m a k e 
use of Eqs . (3), (5), and ( l l ) th rough (14). 

A. The Gradient Component, a2 

1. The Single Loop 

V?s = a2n(juhp^ sin i|i cos •!/. (28) 

2. The En t i r e Coil 

V2 = 0 

B. The Second-der iva t ive Component, aj 

1. The Single Loop 

Vas = •|-a3n(u(h^p^ - i-p") sm fi sin \|i cos^ \|i. (29) 

2 The En t i r e Coi 1 

vf = 0, 

where we have made use of Eq, (21). 
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C. The T h i r d - d e r i v a t i v e C o m p o n e n t , a4 

1. The Single Loop 

Vjs - a4nii)[h'p^(3 s in i|r c o s ' iJ sin^ fi - s i n ' i|f cos t ) 

+ •|-hp''(sin i|( cos t cos^ fi+ s i n ' i|i cos • sin^ fi 

- s in <! c o s ' i|((l + 2 sin^ fi))]. 

2. The E n t i r e Coi l 

y^ = 0, 

D. The F o u r t h - d e r i v a t i v e Componen t , a j 

1. The Single Loop 

V?s - 4a5THD{h'*p^[sin i|t c o s " i|i s i n ' Q - s i n ' i|i cos^ If s in fi] 

+ - | h p [ s i n \ | i c o s i | i s i n f i c o s fi 

+ (s in i | /cos i | ( - s i n i | ( C o s \ | i)(sin'fi + sin fi)] 

p [sin i|i cos^ \|i s in fi cos^ fi + s i n ' î  cos^ î  s i n ' fi 

+ s in \|t c o s " i/ s in fi]}. 

2. The E n t i r e Coi l , a f te r F u l l - w a v e Rec t i f i ca t ion 

I/? = 4v oas 
_1_ r ; - r i 
56 _3 _3 r2 - r , 

( 1 - 2 sin fi + s i n ' fi) 

lu r l _ r j 13 

If we u s e (21), se t x = r [ / r 2 , and r e a r r a n g e the fi t e r m s , we get , 

Vs = | v o a 5 r ^ U i - l ^ ] ( l - 2 s i n f i + s i n ' f i ) 

. -I-(LLJL) ( 3 . 10 s i n f i + g s i n ' n ) . 
2 0 0 0 \ . i . x ' / J 

Now if we t a k e as t y p i c a l v a l u e s , x = 0.3 and r2 = 0.1 in . , we have 

(30) 

(31) 

(32) 

(33) 
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10 
f ? < V o a j - : ^ , 

(34) 

and the re la t ive magni tude of the cont r ibut ion to the field m e a s u r e m e n t of 

the ANL a lpha -pa r t i c l e s p e c t r o m e t e r wil l be 

1/, a, 70 ^ 

vhere again we have taken aja^ = 3.84 x 10 

(35) 

IV. 
ESTIMATE OF ERRORS DUE TO P R O B E - C O I L ASYMMETRY 

In this d i scuss ion of the effects of i m p e r f e c t p r o b e coil c o n s t r u c -
e consider only the case where the ro ta t ion ax i s i s offset f r o m 

the plane of m i r r o r s y m m e t r y , thus d e s t r o y ­
ing the m i r r o r s y m m e t r y of the co i l . E r r o r s 
in the winding i tself wil l t end to be s y m m e t ­
r i ca l about the m i r r o r p lane and wi l l h a v e 
the effect of rounding the c o r n e r s by p i l ing 
up ex t ra t u rns n e a r the c e n t e r of the co i l . 
Such effects , being s y m m e t r i c a l , w i l l no t 
in t roduce con t r ibu t ions f rom the o t h e r w i s e 

Fig. 5 absen t componen ts . 

-PLANE OF 
MIRROR 

SYMMETRY 

The Simple Asymmetry with the 
Rotation Axis Displaced a Dis­
tance 6 from the Plane of Mir­
ror Symmetry 

Suppose that the ro t a t i on ax i s i s offset 
f rom the m i r r o r p lane by a s m a l l d i s t a n c e , 6, 
(see F ig . 5). Such a defect in coi l c o n s t r u c t i o n 
will in t roduce con t r ibu t ions f r o m t h e o t h e r w i s e 

absent t e r m s , and in this sect ion we ca lcu la te the r e l a t i v e m a g n i t u d e of 
these e r r o r t e r m s . To do this we need only go back to (5) and change the 
l imits of integrat ion: 

1 r^i /'h+6 

d^Jr, ' ' j - ( h - 6 
dhV„ 

(h-6) 
(36) 

The calculation of these e r r o r s is s impl i f ied b e c a u s e we can s t a r t wi th the 
express ions we have a l ready der ived for the emf induced in the s ing le loop . 
The probe coil is no longer s y m m e t r i c a l , and now the i n t e g r a l of t he odd 
powers of h will not vanish as they did in the above a n a l y s i s . The odd d e ­
r ivat ives will s t i l l be seen to vanish , however , when we s impl i fy the i|r 
t e r m s which reduce to constant t e r m s and h a r m o n i c s which a r e e l i m i n a t e d 
in the amplif ier , so we cons ide r only the c o n t r i b u t i o n s f r o m the e v e n -
derivat ive components . 



A. The z Field, B , 

I. The Uniform-field Component, (15) 

a|TT(U 

I d ^ 
( r i - r5)[h + 6 + (h - 6)] = ^Voa,n cos 1, 

and, after full-wave rectification 

I/, = Voa, 

which is identical to (16), and the uniform component is not changed. 

2. The Second-derivative Component, a^ 

F r o m Eq. (19) we have 

1̂3 = 4-Voa3(l - 3 sin^n; 
I rl-rl , 

? 9 L^O r i - r] 
h' -^b' 

(37) 

(38) 

(39) 

which reduces to 

^l = •rVoa36^(3 sm^ Q- l), 

where we have made use of Eq. (21). If we assume that the eccentricity is 
not greater than 0.010 in., we will have 

|l/i| - Voa3(5- 10-5) ^ 

and the relative contribution to the field measurement will be 

- — ( 5 10-5) 
ai 

(40) 

(41) 

and if, as above, we relate the expansion coefficients of the two-dimensional 
model with the three-dimensional model, 

a3 2.67 X 10-" 
= 2 .96 X 10- ' ' ; 

this becomes 

< 10- (42) 

for the ANL alpha-part icle spectrometer . 
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We see that the s econd-de r iva t ive componen t , which , by d e s i g n 

made no c o n l l b u t i o n to the field ^ ^ ^ - s u r e m e n t for^the^case o ^ ^ y ^ ^ ^ 

coil, does make a contribution if the coil is a s y m m e t r i ^^^. j^alf 
1„ 4f H-,e p r r e n t r i c i t v w e r e equa l to o n e - n a i i sma l l , however: for example , if the eccenxric y -i 

width of the coil , we would have 6 = h -0 .100 m . , and 

IQ-

The p rec i s ion would st i l l be l imi ted by fac to r s o ther than such e r r o r s due 

to coil a s y m m e t r y . 

3. The F o u r t h - d e r i v a t i v e Component , a^ 

We have from Eq. (23) 

V, = 4v„ 56 ri 
-(13 - 18 sin^ fi + 5 sin" fi) 

+ J - ( h ^ + 3 62) ' ' ' " " ' ( 3 s i n ' f i - 5 sin" fi) 
10 

+ - ^ ( h " + 10h26^+56")(l - 6 sin^ fi + 5 sin" Cl] (43) 

The eccen t r i c i ty e r r o r is the difference be tween (43) and the c o n t r i b u t i o n 
from the s y m m e t r i c coil (24) 

v\ =4v oa5 - ^ 6 ' 
10 -\ (3 sm^ n - 5 s i n " n ) 

+ - (2h'6^+ 6")(1 - 6 sin^ fi + 5 sin" 0] 

and this reduces to 

V's = -T V„a5ri6' 3 1 - x^ 
10 1 - x3 

(3 sin^ n - 5 s i n " n ) 

a l i o 1 . x 3 + — (1 - 6 sin^ n + 5 s in" n) 

Taking the typical values f rom above 

X = r , / r 2 = 0.3; r j = 0.1 in.; 6 = 0.01 

(44) 

(45) 



we get an u p p e r l i m i t for the e c c e n t r i c i t y e r r o r of 

| l / ; | < Voa5(10- ') 

and the r e l a t i v e e r r o r i s 

< — 10"^ < 1 0 - ' ^ 
ai 

which is s m a l l c o m p a r e d wi th (27). 

B. The X F i e l d , Bx 

1. The S e c o n d - d e r i v a t i v e Componen t , a3 

F r o m Eq. (29) we have 

Vf = T'^o^i s in Cl 
_ l_ r2^_J j_ _!_ 2 J _ . 2 
20 r? - r ' " 9 " 3 

which r e d u c e s to 

Vf' = yVoajS^ sin Cl. 

If we t ake 6 = 0.01 we have 

\Vf'\ £ Voa3 (5 - 10-5), 

and the r e l a t i v e con t r i bu t ion to the field m e a s u r e m e n t wi l l be 

vf 
• ( 5 - 10-5). 

If we t ake a j / a i = 2.96 x 1 0 - ' a s b e f o r e , 

IX' 

V> 
1 0 -

(46) 

(47) 

(48) 

(49) 

(50) 

51 

and the s a m e o b s e r v a t i o n s m a d e following Eq. (42) wi l l be va l id h e r e . 

2. The F o u r t h - d e r i v a t i v e Componen t , a^ 

We have f r o m Eq . (31) 

. .V 3 , A."' ~ ''' (1 _2 sin n +sin' O) + -^ I i J _ I l (h'+36')(sin n - s in 'n) 

— {h*- 10h'6H56*)(l - sin' Cl) 
(52) 
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The eccen t r i c i ty 
ici ty e r r o r is the difference be tween (52) and (32), and r e d u c e s to 

Vf = |Voa5r^6^ 1 ' - ^ ( s i n f i - s i n ' f i ) 
10 1 - x ' 

,iflL^%4V-sin'fi)l. 
3 1̂ 10 1 . x ' r\l J 

Again taking the typical values from above 

(53) 

0.3; r2 = 0.1 in.; 6 = 0.01 in . . 

we get an upper l imit for the eccen t r i c i t y e r r o r 

l / f < Voaj 10 -^ 

and the re la t ive e r r o r 

Vi 
1 0 - 1 0 -

(54) 

(55) 

is no l a rge r than the contr ibut ion from the s y m m e t r i c a l coil , g iven by (35). 

V. CONCLUSION 

It is seen that for m e a s u r i n g the magni tude of a t w o - d i m e n s i o n a l , 
inhomogeneous magnet ic field with a r o t a t i ng -co i l g a u s s m e t e r , the o p t i m u m 
coil shape to minimize the contr ibut ions f rom the h i g h e r - o r d e r t e r m s is 
one with a rec tangula r c r o s s sect ion and whose p a r a m e t e r s s a t i s fy E q . (21) 

20 
= 0, 

which has been der ived by Garre t t^ and by de R a a d . ' Us ing such a co i l wi th 
x = 0.3, and posses s ing at mos t a 10% a s y m m e t r y of the r o t a t i o n a x i s , the 
field of the Argonne double-focusing a l p h a - p a r t i c l e s p e c t r o m e t e r m a y be 
measu red with a theore t i ca l p r e c i s i o n of one p a r t in ]0 ' ° , in the t w o -
dimensional field approximat ion , independent of the r e l a t i v e o r i e n t a t i o n of 
the probe coil axis with r e s p e c t to the d i r ec t i on of the field g r a d i e n t . How­
ever , as was indicated in the In t roduct ion, it i s un l ike ly tha t a p r e c i s i o n of 
g rea t e r than one par t in 10^ or lO' can be ach ieved in a c t u a l m e a s u r e m e n t s , 
and as we saw above, even if the e c c e n t r i c i t y was equa l to half the width of 
the coil this p rec i s ion would not be degraded . The t h e o r e t i c a l r e s u l t s for 
the ANL s p e c t r o m e t e r a r e s u m m a r i z e d in Table I. 
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TABLE I 

Relative Contribution 

The z Component, Bz 

Symmetric coil 0 0 0 IQ-''' 

Contribution from 
10% eccentrici ty 0 10-'° 0 10"" 

The X Component, Bx 

Symmetric coil 0 0 0 IQ-'* 

Contribution from 
10% eccentrici ty 0 IQ-'" 0 IO"" 
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PART II: MEASUREMENT OF THREE-DIMENSIONAL 
MAGNETIC FIELDS 

I. THE EXPANSION OF THE THREE-DIMENSIONAL MAGNETIC F I E L D 

Cons ider the magne t i c field genera ted by e i t h e r of the pole conf igu­
ra t ions of F ig . 6, both of which p o s s e s s ro t a t iona l s y m m e t r y ^ If we se t the 
magnet ic s c a l a r potent ia l , $, equal to z e r o for z = 0, t hen the x - y p l a n e i s 
a median plane of m i r r o r s y m m e t r y , and owing to the r o t a t i o n a l s y m m e t r y 
of the pole configurat ion the field wil l be cy l i nd r i ca l l y s y m m e t r i c , t ha t i s , 
f = $ ' (r ,z) = $ ( r ' , z ) , where r ' is d i r ec t ed along r f r o m XQ, s e e F i g . 7. 

MEDIAN PLANE -

R0TATION4LSYMMETRY ' 

MEDIAN PLANE 

Fig. 6. Cross-sectional Views of Three- Fig. 7. The Coordinate System for the Cylindri-
dimensional Magnet Configura- cally Symmetric, Three-dimensional 
tions Possessing Both Cylindrical Magnet Configuration 
Symmetry and Median Planes of 
Mirror Symmetry 

T h e s c a l a r m a g n e t i c p o t e n t i a l m a y t h e n b e w r i t t e n i n e x p a n d e d f o r m 
a b o u t r ' = 0 , z = 0 , a s 

/ r ' ^ r ' ' \ 
- $ ( r ' , z ) = (^Aio + A i i r ' + A i 2 - ^ r + A 1 3 - ^ + . . . j z 

+ (A3o + A 3 , r ' + A 3 2 ^ + . . . j ^ + ^ A 5 o + A 5 , r ' + . . . j | 7 + . . . 

CD 0 0 

= Z ZA 
m=o n=o 

n , 2 m + i 

^ " ^ + ' ' " n! ( 2 m + l ) ! (56) 

In this coordinate sys t em, L a p l a c e ' s equation b e c o m e s 

1 A\f,^r<\bi dh 1 d' 

Now i = § ( r ' , z ) , s o t h i s b e c o m e s 

( x o + r ' ) 
.ar'^ Sẑ  

X o / 

0. 

dtp' 
= 0. (57) 

(58) 
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F r o m (56) and the fact tha t 

bi' _ di_ 
dr ' br'' 

it fol lows tha t 

CD 0 3 

.'n „2m + i bi V^ V" ' "" '^ 
^'"^ L L A2m+i,n+i ^ (2m + I ) : ' 

m = o n = o 

yt 
t ) 03 

a ' * V- V r ' " z^"^+' 
S r . z " 2^ 2> A2m+i ,n+2„ , ( 3 ^ + ! ) : 

dz2 

( S CC 

n ,2m + i 
1 7 2 = Z Z . ^ ^ • ^ + ' ' " ~ . (2m+ I ) : ' 

(59) 

m=o n = o 

Subs t i tu t ion into L a p l a c e ' s Eq . (58) g ives the r e c u r s i o n r e l a t i o n s for a l l of 
the coef f ic ien t s in t e r m s of A] „: 

^2m+3,n xo 
(1 +n) Ajrn+i^n+i + rAzr .i4.i^n+2 + nA2m+3,n-

The c o m p o n e n t s of the m a g n e t i c flux dens i t y a r e 

z " ? 
(2m): bz ' l^ ^ A2tn + i,n ^, ( 3 ^ ) , . 

m = 0 n = 0 

B.--f. = Z 1 '•zm+i.n+i 
m = o n = o 

n: (2m + 1)'.' 

Bcp = 0. 

(60) 

(61a) 

(61b) 

(61c) 

On the m e d i a n p l ane of m i r r o r s y m m e t r y , z = 0, and we have 

Bz = L A i . n — ; 

(62) 
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In Appendix I we have given the r e q u i r e d field f o r m for the ANL 
a l p h a - p a r t i c l e s p e c t r o m e t e r in the fo rm of a T a y l o r ' s expans ion about the 
equ i l ib r ium o r b i ' in the median p l a n e . ' ' " Through fifth o r d e r t e r m s it i s 
equi 
given by 

^£-€)'-€)'-€)' (63) 

. h e r e a„+, i s r e l a t ed to the n - th de r iva t ive of the z componen t of the field 
n the median plane on the equ i l ib r ium orbi t : 

1 a"Bz 
^n+. = „: g ,̂„ 

It follows from (62) and (63) that we mus t have 

Aio = a,; All = ^z/^o, A12 = a3(2:/xo); 

Ai4 = a5(4:/x^). 

a4(3'./xj); 

(64) 

The magnet ic flux densi ty at al l points in space wil l then be given by 

a2r 7} r ' z^ 3 r ' ^ z ' z" r ' z " l 
a, + — r' - -— + ^; + 

xoL 2X(, 2xo 4x3 12x^ 12xo J 

^ 3 r , 2 2 r ' z ^ r ' ^ z ' z" 1 
- 7 r ' ^ - 2} - + -
x\\. ^0 xl \Zxl\ 

^ r r " - 3 r ' z ^ - ^ - l ^ % ! f ^ l 
xJL ^^0 2xo J 

(65) 

a n d 

f i F z i ^ ^ ' L ^ ^ r ? . -" ^ r ' z ' l 

^or6xr2xd'4r^"3T/i;:rJ 
. ^ p z - z ' - ^ ] . ^ p z - 4 r . z ' ] 

through t e r m s of the o r d e r XQ". 

(66) 



Suppose that we wish to measure the magnitude of such a magnetic 
field on the equilibrium orbit of a cyclical part icle accelerator or charged 
part icle spect rometer . Let XQ be the radius of the equilibrium orbit, and 
choose a rectangular coordinate system such that the origin lies at the 
center of the orbit, and that the geometrical center of the probe coil is 
situated a distance XQ from the origin along the X axis. The probe coil 
will be an extended dipole coil s imilar to that used in the investigation of 
the two-dimensional field, and the field will be sampled over the volume 
swept out by the coil. Let P be a point within this volume, and expand 
the scalar magnetic potential about a point that is located a distance Xj 
from the origin along the radius vector r, which lies in the X-Y plane 
(see Fig. 8). Owing to the cylindrical symmetry of the field only the com­
ponents Br and Bz exist, and we shall relate them to the point Xg along the 
X axis by expressing r' and z in t e rms of the coordinates of the coil. 

(a) (b) 

Fig. 8. (a) The X-Y Plane Showing the Coordlnate*for the Three-dimensional 
Configuration, (b) The r-Z Plane through the Point P. 

H. THE COIL COORDINATES 

We assume that the axis of rotation of the probe coil lies in the 
X-Y plane along the x axis, which makes an angle fi with the X axis at 
the point XQ (see Fig. 8). The coordinates (x, y, z) designate the point P 
within the volume swept out by the probe coil, and we have, from Fig. 8 

(67) 

where 

= [(xo + x cos fi - y sin fi)^ + (x sin fi + y cos fi)^] ' (68) 

Xo l . ± l 
Xo 

X COS fi - y s i n fi) + • 

, ,1 /2 

Xo J 
(69) 
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Now, if as in P a r t I, we take the p robe coi l ' ^ ^ - X ; " ; ; ^ ; ^ , ^ " ' ^ ; . 
o rde r of 0.1 in., and the equ i l ib r ium orbi^t of a 'yP^^^'^'^^^jl'/^l^ M g h e r 
t r o m e t e r as 30 in. , we expand the r ad i ca l and neg lec t t e r m s of h ighe 

than Xo', and f rom (67) above we have 

r ' = x c o s f i - y s i n f i + 7 ^ [ x ^ s i n ^ f i + 2 x y s i n f i c o s f i + y ^ c o s ^ n ] 

+ J _ [ x ' ( c o s ' n - c o s Cl) + xV(s in fi- 3 sin fi cos^ Ci) 
Zxl 

- xy^(cos Cl - 3 sin^ fi cos Cl) - y ' ( s i n ' fi - s in fi)] 

- J L [ x " ( l - 6 c o s 2 n + 20 c o s " n ) + x 'y(12 sin fi cos fi- 80 sin fi c o s ' f i ) 
ix\ 

+ xV^(120 sin^ n c o s ^ f i - 4 ) + xy'(12 sin fi cos fi - 80 s i n ' fi cos Cl) 

+ y"(l - 6 cos^ n + 2 0 cos"fi)] . (70) 

In Fig. 9 we have shown a single loop ro ta t ing at the end of a r a d i u s 
a r m of length h. The plane of the loop is p e r p e n d i c u l a r to the r a d i u s a r m 
and the coord ina tes of the loop a r e 9 and p. The ro ta t ion angle i s i|i = (lit, 
as before , where o) is the angular f requency of ro ta t ion . F r o m the f igure 
it is seen that the coord ina tes of an e l emen t of a r e a of the s ing le loop 
(x, y, z), may be exp re s sed in t e r m s of p, h, 9, and iji: 

X = -p cos 9; y = h cos i|i - p sin 9 sin \|i; z = h sin i|i + p sin 9 cos \J. 

(71) 

yQsin ©COS i/f 

Fig. 9 

The Single Loop Showing the Re­
lations between the Coordinates 
for the Three-dimensional 
Configuration 



Substitution of these equations into (65), (66), and (70) will give Bz and Br 
in t e rms of the coil coordinates. Application of (3) and (5) will then give 
the emf induced in the coil by each component of the respective fields. The 
calculations will be carr ied out through t e rms of the order of XQ". 

III. THE EMF INDUCED IN THE EXTENDED COIL 
BY THE z FIELD, Bz 

A. The Uniform-field Component, aj 

1. The Single Loop 

Vis = aiU) cos \|f r-i: pdp = ajoip TT cos i)r. 

2. The E n t i r e Coi l 

1̂1 = Voai 

after full-wave rectification, where we have again made use of (17). 

B. The Gradient Component, a^ 

1. The Single Loop 

(72) 

(73) 

ajU) cos l|l /-2TT 
Vzs = — • I d9 f pdp 

2. The E n t i r e Coi l 

2x 0 2x^ 4x1 12xJ 12x5 

(74) 

Retaining te rms of the order of Xo", we have for the entire coil 
after rectification 

• - 150 sin'' n+ 139 sin^ Cl * -T-] 

r ' - r ' 
+ - i - -^ !-{300 sin" n - 672 s in ' fl + 395) (75) 



30 

NOW If we make use of (21) to e l imina te the p o w e r s of h, the f i r s t t e r m 

will van ish and we have 

^M'S'){2'^o(Ly<- 2100 s i n " f i + 1 0 2 4 s i n 2 f i + 1 0 4 9 ) 

+ - L i - l i (300 s i n " f i - 672 sin^fi + 395 
168 1 - x3 '} 

".<aM5)'f-(r!^h"r^} 

(76) 

(77) 

We shal l a s s u m e that we a r e to m e a s u r e the field of the ANL a l p h a - p a r t i c l e 
s p e c t r o m e t e r desc r ibed in the Appendix, w h e r e we take 

XQ = 30 i n . ; 0.1 in. 0 . 3 ; a 2 / a i 1.67 X 1 0 - ^ 

The re la t ive contr ibut ion of the g rad ien t component to the field m e a s u r e ­
ment will be 

< 2.5 • 1 0 - " < 10- (78) 

C. The Second-der iva t ive Component , a3 

1. The Single Loop 

a^oi cos >|i /"2n ^P 
: d9 pdp ,2 2 r ' z ' r '^z 

- z - + -

2 - . ,2 ,2 ^ 

12x^ 
(79) 

2. The En t i r e Coil 

V 
3Voa3 1 

5 5 

2 9 '-2 - r i 

" 20 ri - rJ 

' 0 ^ 3 ( 1 

^ [ ^ ^ 5 s i n " n + s i n ^ f i - - ' \ 
8x'„L'^^ 3 / 

(3 s i n ^ f i - 1) 

h^ 1̂2 - r i 

'0 4 - r\ 
(-25 sin" n + 23 sin^ 0 + l) 

1 ^2 - rj 
+ Y^ ~ 5 (-25 sin" fi + 27 SI, 

^2 - r i 
n'fi + 39)ll . (80) 
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Again m a k i n g u s e of (21) we have 

U, = ± v „ a 3 ( ^ V ( - ^ ( ^ ( - 2 3 5 s in" f i 
' 32 ° AxJ \2OOO\l - x ' / 

n^fi+39)i 

+ 227 sin^ fi + 3) 

_L ' - x' 
•̂  1 6 8 2 - x ' 

It then follows tha t 

( -25 s in" il+ 27 s i r 

'.<i-e)h-(^:)"--H^} 

(81) 

(82) 

and for the ANL a l p h a - p a r t i c l e s p e c t r o m e t e r ( s ee Appendix) we have for 
the r e l a t i v e c o n t r i b u t i o n of the s e c o n d - d e r i v a t i v e componen t 

1/3 a3 
- f - ^ 3.1 • 1 0 - ' " < 1 0 - " . 
Ul ai 

-12 „' 1 0 - 1 5 (83) 

D. The T h i r d - d e r i v a t i v e Coinponent , a^ 

1. The Single Loop 

i4iun cos i|i r^'" r^ r 3 
3 r ' z 

• , 2 3r'^z^ 3 r " z ^ 
2xo 2xo 

(84) 

2. The E n t i r e Coil 

3Voa4 fh* 2 r , - rf 
+ 5 sin^ fi- 1) +-rr 

h' -̂ 2 - '̂ 1 

' ^ r i - r\ 

7 7 

J . l L l J i ( . l 5 s in" fi + 21 sin^ fi- 7 
56 r i - r?' '} 

(15 sin" fi- 18 sin^fi + 5) 

(85) 

Subs t i tu t ing f rom (21), we get 

"" = r6^°^^){2-olo(rTT) (255 s i n " f i - 315 sin^fi + 91) 

+ ± ' - ^ ^ ' ( - 1 5 s in"f i + 21 s i n ^ f i - 7 ) l . (86) 
' 1 - x' J 56 

file:///2OOO/l
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1/4 < 
3 / r 2 \ " r i 3 5 / l - x ^ \ ' 1 1 - ^ ' 1 

ll^^H^JL^OOOVl-x'/ " 8 1 . x ' J 
(87) 

F o r t h e A N L s p e c t r o m e t e r t h e r e l a t i v e c o n t r i b u t i o n of t h e t h i r d - d e r i v a t i v e 

c o m p o n e n t t o t h e f i e l d m e a s u r e m e n t i s 

1/4 
3 • 1 0 - ' ^ < 1 0 ' " . 

( 8 8 ) 

E . T h e F o u r t h - d e r i v a t i v e C o m p o n e n t , a^ 

1. T h e S i n g l e L o o p 

â UJ c o s t /"2TT ,4 _ £ , ^ , 2 , 2 . , 4 1 p d p [ r ' " - 6 r ' ' z " + (89) 

2. T h e E n t i r e C o i l 

3Voa5 (yi 
- - ^ 7 7 5 s i n " f i 

8xJ Ll5 
6 s i n ' n + 1) + J- ^ \ ( - 5 s i n " fi + 6 s i n ^ fi - 1) 

rz - ^1 

1 ^̂ 2 - r j 
+ (120 s i n " fi- 202 s i 

168 r i - r\ 

n ' fi+ 1 8 7 ) 1 . (90) 

E l i m i n a t e t h e p o w e r s of h w i t h (21) a n d w e h a v e 

4 /• 2 

1 1 x'' 1 
+ 777, (120 s i n " fi- 202 s i n ' fi+ 187)>- , 

168 1 . x ' J 
( 9 1 ) 

.,<iv.^ii)*[..„3.(L^:)\,„^;] (92) 

F o r t h e A N L a l p h a - p a r t i c l e s p e c t r o m e t e r t h e r e l a t i v e c o n t r i b u t i o n of t h e 
f o u r t h - d e r i v a t i v e c o m p o n e n t i s 

Vj a^ 

I'l ^T, 
5.6 • 1 0 - " < 10 11 / i n - U 

(93) 



IV. THE E M F INDUCED IN THE E X T E N D E D COIL 
BY THE RADIAL F I E L D , B r 

A. The G r a d i e n t Componen t , a ; 

1. 

Vfs 

2. 

The Single Loop 

azu) cos i|i /•2Tr 

Xo / 
- ' 0 

The E n t i r e Coi l 

d9 1 pdp 
z ' 

z + • 

6xJ 

r ' z ' 

Zxl 
(94) 

After full-wave rectification, 

,,r 3 „ f l fh^ 1 i j - J j l 1 
V^o L r 2 - r i J XQ 

1 '"2 

30 112 ^3 _ ^3 
fi (95) 

After e l i m i n a t i n g the p o w e r s of h wi th (21), we sha l l have 

1 - x ' ^l < ivo l i X l l _ L j L ^ '"^r 27 / I - x ^ \ ^ 1 1 - x ' " [ \ 
• ^ 3 \ 1 5 1 . x 3 ' " x „ L 4 0 0 0 l i . x 3 / - 112 1 . ^ i j j 

(96) 

and for the ANL a l p h a - p a r t i c l e s p e c t r o m e t e r the r e l a t i v e con t r ibu t ion of 
the g r a d i e n t c o m p o n e n t to the field m e a s u r e m e n t wi l l be 

10-" V 10" (97) 

B. The S e c o n d - d e r i v a t i v e Componen t , a3 

1. The Single Loop 

J cos 1(1 /"2TT /"P r z ' Zr'z' l 
I d9 pdp 2 r ' z - -— + —\. (98) 

The E n t i r e Coil 

£Voa,h 
2x? V 

9 '•2 - '•i 

- 20 r i - r5 

1,2 r | - rf , 1 r j 
+ ^ -, ; ( 9 s i n ' fi - 7 s in fi) + - T — 

20 r i 2 - r i 
56 r i 

(s in fi- 3 s i n ' fi) 

(3 s i n ' fi - s in (99) 
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Substi tut ing from (21), we have 

l/r _ i v J I i f r ^ _ ( ' i l J i ! ' ) ( 3 6 s i n ' f i - 3 2 s in fi) 
^' ' S ^ ^ ' ^ ' U o / L2OO0I1.X'/' 

2 1 - X 
56 1 - x ' 

(3 s in ' fi- sin fi) 

and we have 

Vl< ^.•.©'h"(rT^)*°°"r^} 

(100) 

(101) 

F o r the ANL s p e c t r o m e t e r the r e l a t ive con t r ibu t ion of the s e c o n d -
der iva t ive component is 

< 13 ^ , n - i 5 9 • 1 0 " " < 10 (102) 

C. The T h i r d - d e r i v a t i v e Component , a4 

1. The Single Loop 

a4CU c o s l|l /'2TT 

.y 0 ^ 0 

pdp 3r '"z - z ' -1-
Xo J 

(103) 

2. The En t i r e Coil 

3V„ . 5 5 ^0^4 fh** y,^ r ; - rT 
VI -- - ^ ^ - ^ T T ( 3 s in ' fi - 2 sin fi) - i L i ( 3 s i n ' fi - 2 s in fi) 

1-2 - r i 

1 "̂ 2 - r l 
+ YY^ -^ -(Z s in ' fi - 3 sin fi) 

Substituting from (21) we have 

'} (104) 

'• - -Mi){ iS-„(r77?) 13 "»• 

1 1 - x ' , , 1 

fi- 2 sin fi) 

(105) 



•^••.©•h"(i^f-»'Hf:]- (106) 

For the case of the ANL alpha-part icle spectrometer , the relative contribu­
tion of the third-derivat ive component is 

< 2.1 • 1 0 " " < 10 12 / 1 n -17 (107) 

D. The Fourth-derivat ive Component, a^ 

1. The Single Loop 

4a50U cos (|r /"^TT 

2. The Entire Coil 

d9 I pdp( r ' ' z - r ' z ' ) . 

Jo 
(108) 

SVoasJh" h ' A j _ r [ \ i r l ^ \ ^ 
1/= = <, — - — —; +—, f (sm fi - sin ' Ci). 

Zxt V s 1 0 \ r i - rlj 56 rl - r] J ' 
(109) 

After substituting from (21), we have 

'r'iv.a'[-=(rf;)*^;-7:>- n - s i n ' f i ) , (110) 

(111) 

Then for the ANL alpha-part icle spectrometer the relative contribution of 
the fourth-derivative component is 

1/ 
— 1.1 • 10-'^ < 10 -" . (112) 

V. ESTIMATE OF ERRORS DUE TO ASYMMETRY OF PROBE COIL 

The same procedure will be followed as in Sect. IV of Par t I. We shall 
assume that the rotation axis is offset from the plane of m i r r o r symmetry by 
a small distance 6 (see Fig. 5), and we integrate each component over the 
ent ire coil as per Eq. (36), starting with the expressions derived for the emf 
induced in the single loop. 
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A. The Emf Induced in the Asymmetric Coil by the z Field, Bz 

1. The Uniform Component, ai 

I'l = Voai, 

which is identical to (73), and we see that the uniform component is un­
changed; no error due to coil asymmetry is introduced. 

2. The Gradient Component, a; 

We have from Eq. (74) 

^ ( l f h ' + 3 6 ' - ^ ^ l ( 3 c o s ' f i - l ) 
4 19 L 20 ri - r j j 

— (h"+ lOh'62+56") (lOO sin" fi- 174 sin' fi + - J " ) 

5 5 , 

36') ^ f̂̂ -̂  (-150 sin" fi+ 129 sin' fi + - ^ j 
r?. - r, \ 

8xS 

. r , ( h ' . 

168 r i - rl 
(300 sin" fi- 672 sin' fi+ 395) }• (113) 

The eccentricity er ror is the difference between (113) and (75), the sym­
metric relation, and after some simplification, we have 

V, 

+ ^(—) (100 sin" fi- 174 sin' fi + 77.67) I ; 

xj \ 16\Xo/ 
1 - x ' 

26.8 + 25.9 
1 - x' 

mi 
[114) 

(115) 

If, as in the case of the two-dimensional field analysis, we take 6 = 0.010 in., 
the relative contribution of the eccentricity e r ro r of the gradient component 
to the field measurement will be 

10-' < 10- (116) 

for the case of the ANL spectrometer. 



3. The S e c o n d - d e r i v a t i v e C o m p o n e n t , a3 

We have f rom Eq . (79) 

3Voa 

4x1 

1 

8x'o 

i^ 
r - 5 „ 5" 

— (h"+ 10h ' 6 '+ 56") (5 si 
15 \ 

(3 s i n ' fi- 1] 

5 5 

+ -L (h2+36 ' ) — i-(-25 sin" fi + 23 s i n ' fi+ 1) 
10 r i - r] 

1 ' 2 - 1 1 

r68 r i - r j ' 
•25 sin" fi+ 27 s i n ' f i + 3 9 ) k (117) 

The e c c e n t r i c i t y e r r o r i s the d i f f e rence be tween th i s e x p r e s s i o n and 

Eq. (80), and we have 

*i(-^r(—'—'-# 

n + 72 s i n ' fi- 4) 

(118) 

(119) 

F o r the ANL a l p h a - p a r t i c l e s p e c t r o m e t e r , the r e l a t i v e con t r ibu t ion of the 
e c c e n t r i c i t y e r r o r of the s e c o n d - d e r i v a t i v e componen t wi l l be 

- ^ X — 5.5 • 10-« s 10 - ' ° . 
V, a, 

4. The T h i r d - d e r i v a t i v e Componen t , a4 

We have f rom Eq. (84) 

I, . llSli!±^hUlOhH'*ii')^-S sin* Cl^i sm'Cl- I) 
16xS I'S 

5 _ s 
t - L ( h ' + 3 6 M - 7 — - T ( ' 5 s i n * n - 18 sin'Cl*5) 

15 r j - r , 

J . : i : _ I i ( _ , 5 s i n « a + 2 1 s i n ' 0 - 7 ) } . 
56 r l - r} J 

(120) 

(121) 
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The e c c e n t r i c i t y e r r o r is the 

. 2 x 2 

1/ 

difference be tween (121) and (85) and r e d u c e s tc 

' _ L v , l ! ! ! / ! ' - ^ ' ( 1 5 s i n " f i - 2 1 s i n ' f i + 7) 
' " 16 ° ' xt [IO 1 - x ' 

^iA-)\-S sin" fi + 5 s i n ' f i - 1 ) i ; 
(122) 

" " ^ 1 6 ^ " = ' " ^ 
l i 1 - x' _ /AV 
10 1 _ v3 ' Vr2/ 

(123) 

F o r the ANL s p e c t r o m e t e r the r e l a t ive cont r ibu t ion of the e c c e n t r i c i t y e r r o r 
of the t h i r d - d e r i v a t i v e component is 

(124) 

5. The F o u r t h - d e r i v a t i v e Component , a; 

We have from Eq. (89) 

l/̂  = i I ^ J ± ( h ' ' + 1 0 h ' 6 ' + 56")(5 s i n " n - 6 s i n ' f i + l) 
A 15 
^0 ' 

5 5 

+ ^ (h' + 36') ^^f-^ (-5 sin" fi + 6 s i n ' fi - 1) 
r2 - ri 

7 7 

+ TYTT ^^ " '"' (120 sin" Cl - 202 s i n ' fi+ 187) 
168 r | - r\ 

(125) 

The eccen t r i c i ty e r r o r is the difference be tween (125) and (90), and is 
given by 

8 ""Hx 
1/5 = - V o a 5 — (5 s i n " f i - 6 s i n ' n + 1 ) ; 

i''^i<iv„a3(^y. 

(126) 

(127) 

F o r the ANL s p e c t r o m e t e r , the r e l a t i v e con t r ibu t ion of the e c c e n t r i c i t y 
e r r o r of the four th -de r iva t ive component i s 

-rf] < — 1.6 • 10- '^ < 1 0 - " . 
V \ a i ( 1 2 8 ) 



B. The Emf Induced in the A s y m m e t r i c Coi l by the Rad ia l F i e l d , Br 

1. The G r a d i e n t C o m p o n e n t , a2 

We have f r o m Eq . (94) 

V „ a 2 . ^ -
X o 

j ^ ( h +36 ) + j^-r—j 

^ „ ( h " + 1 0 h ' 5 ' + 5 6 " ) - ^ : i ^ sin fi) (129) 

The e c c e n t r i c i t y e r r o r i s the d i f f e r ence be tween (129) and (95), and r e ­
duces to 

vt 
_9_ 1 - x^ 

10 1 - x ' 
(130) 

F o r the ANL s p e c t r o m e t e r , the r e l a t i v e c o n t r i b u t i o n of the e c c e n t r i c i t y 
e r r o r of the g r a d i e n t c o m p o n e n t to the field m e a s u r e m e n t wi l l be 

1.6 • 10- 1 0 - (131) 

2. The S e c o n d - d e r i v a t i v e Componen t , aj 

V 

We have f r o m Eq. (98) 

r 3Voa3j i 

2x^ 9 

5 5 
2 2 9 ' ' 2 - ""1 

h ' + 36^ - r^ 20 r ' 
sin n 

12x^ 15 
(h" + 1 Oh '6 ' + 56")(sin fi - 3 s i n ' fi) 

+ ^ ( h ' + 3a ' ; 

5 5 

rz - r , 
r ' r ' 
r2 - r i 

(9 s i n ' fi - 7 sin n) 

+ - ^ —^ '- (3 s i n ' n - s in fi) 
56 r i - rf 

(132) 

The e c c e n t r i c i t y e r r o r i s the d i f f e rence be tween (132) and (99), and m a y be 
w r i t t e n a s 
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Vt = - ^ V o a 3 f — V - l s i n f i + i l ^ 
Xo 

h/-^y(sinfi-

4Vxo, 

3 s i n ' fi) 

J - 1 - ' ' - (6 s i n ' f i - 5 s i n f i ) 
20 1 - x' 

•''4v..fe)"|.-TfeJ 3 1 - x ' 
20 1 

(133) 

(134) 

F o r the ca se of the ANL s p e c t r o m e t e r , the r e l a t i v e con t r ibu t ion of the e c ­
cen t r i c i t y e r r o r of the s e c o n d - d e r i v a t i v e component to the field m e a s u r e m e n t 

- f < — 5.5 • 10-" < 10- ' " . 
I'l a. 

3: The T h i r d - d e r i v a t i v e Component , a4 

We have f rom Eq. ( l03) 

3Voa4 J 1 

(135) 

VI 8xt 115 
(h"+ 10h '6 '+56") (3 s i n ' n - 2 sin Cl) 

Y^ (h ' + 36') ^ 7 " ^ (3 s i n ' n - 2 sin n) 

1 i"2 - r i 
+ T-r; —, 7 (2 s in ' n - 3 sin n 112 ^3 

The eccen t r i c i ty e r r o r is the difference be tween (136) and (104), and 
r educes to 

Vt = - i Voa4(-i-j (3 s in ' n - 2 sin Cl): 

(136) 

(137) 

(138) 

F o r the case of the ANL s p e c t r o m e t e r , the r e l a t i v e c o n t r i b u t i o n of the 
eccen t r i c i ty e r r o r of the t h i r d - d e r i v a t i v e component i s 

1.56 • 10- '^ < 10- ' ° . (139) 



4. The F o u r t h - d e r i v a t i v e C o m p o n e n t , a^ 

We have f r o m Eq . ( l08) 

2:xo [̂  ^2 - r , 

+ -77--^ J>(s in n - s i n ' n) . (140) 
56 ri - r]J 

The e c c e n t r i c i t y e r r o r i s the d i f f e rence be tween (140) and (109) and 
r e d u c e s to 

1/5' =-^^0^1-^) (s in fi- s i n ' n ) ; ( 1 4 1 ) 

Vl' £ 0 .58Voa5^-^^ . ( 1 4 2 ) 

F o r the c a s e of the ANL s p e c t r o m e t e r , the r e l a t i v e con t r ibu t ion of the 
e c c e n t r i c i t y e r r o r of the f o u r t h - d e r i v a t i v e componen t to the field m e a s u r e ­
m e n t i s 

y r ' 3 

-7- < — 7 2 10- '5 < 1 0 - " . (143) 
Vl a, 

VI. CONCLUSION 

It i s s e e n tha t for m e a s u r i n g the magn i tude of a t h r e e - d i m e n s i o n a l , 
i n h o m o g e n e o u s m a g n e t i c field wi th a r o t a t i n g - c o i l g a u s s m e t e r , the o p t i m u m 
coi l s h a p e to m i n i m i z e the c o n t r i b u t i o n s f rom the h i g h e r - o r d e r c o m p o n e n t s 
i s one of r e c t a n g u l a r c r o s s s ec t i on and whose p a r a m e t e r s sa t i s fy Eq. (21): 

_ 5 _ 5 

h ' . ^ I i l l : = 0, 
20 r i - r] 

which is the s a m e condi t ion d e r i v e d for the t w o - d i m e n s i o n a l field m o d e l . 
Us ing s u c h a co i l wi th x = 0 .3 , and p o s s e s s i n g at m o s t a 10% a s y m m e t r y , 
the f ield of the A r g o n n e double focus ing a l p h a - p a r t i c l e s p e c t r o m e t e r m a y 
be m e a s u r e d wi th a t h e o r e t i c a l p r e c i s i o n of one p a r t in 10 , i ndependen t of 
the r e l a t i v e o r i e n t a t i o n of the p r o b e coi l r o t a t i o n ax i s wi th r e s p e c t to the 
d i r e c t i o n of the f ield g r a d i e n t . When m e a s u r e m e n t s a r e m a d e at s o m e 
r a d i u s o t h e r than the e q u i l i b r i u m orb i t , tha t i s , for an a r b i t r a r y r a d i u s 
r = XQ + X], it can be s e e n that the c o n t r i b u t i o n s f r o m the h ighe r o r d e r 
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The r e l a t i v e con -^ X The r e l a t i v e c o n -
t e r m s wil l i n c r e a s e for r > x„ - ^ ^ ^ - X n g e ^ b ^ the "factor (1 + X i / x o ) ' - \ 
t r ibu t ion of the i - th o r d e r t e r m will be changed oy 
for we have f rom Appendix I 

1 
i - i 

which will b e c o m e 

a, (x„ + x i ) i - ' xJ- 'V ' ' ° / 

Over the range r = ^Xo to r = 2xo, we see f r o m Tab le II tha t t he effect wi l l 
be negUgible for the case of the ANL s p e c t r o m e t e r . Again , as w a s i n d i c a t e d 
in the Introduct ion, it is unl ikely that m a c t u a l m e a s u r e m e n t s the p r e c i s i o n 
wil l be g r e a t e r than one p a r t m 10^ or lO' . If the e c c e n t r i c i t y w e r e equa l to 
one half the width of the coil , that i s , if we se t 6 = 0.100 in. i n s t e a d of 
one hail tne wiain oi unc i.^^^, ,-""- - - , -- - , , , • 
0 010 in , the l a rge s t cont r ibut ion to the e c c e n t r i c i t y e r r o r would be given 
by Eq (116), and would be of the o r d e r of one p a r t in 10 . Thus we s e e tha t 
even a ve ry l a rge a s y m m e t r y would have l i t t l e effect on the p r e c i s i o n of an 
ac tua l m e a s u r e m e n t . The t h e o r e t i c a l r e s u l t s for the ANL s p e c t r o m e t e r a r e 
s u m m a r i z e d in Table II. 

Rela t ive Contr ibut ion 

T h e 

S y m m e t r i c coil 

Contr ibut ion f rom 
10% e c c e n t r i c i t y 

TABLE 11 

^2 1̂ 3 

U, I/. 

z C o m p o n e n t , B z 

1 0 - " 1 0 - ' ^ 

J Q - 8 l Q - 1 0 

The Rad ia l Componen t , Br 

V, 

Vl 

1 0 - " 

1 0 - " 

^s 

Vl 

1 0 - " 

1 0 - " 

S y m m e t r i c coil IO" ' 10- '^ 1 0 " " 10-

Cont r ibu t ion f rom 
10% e c c e n t r i c i t y I O " " 10- ' ° 10- ' ° 10-

ACKNOWL'EDGMENT 

The au thor is indeb ted to A r t h u r H. Jaffey, of the C h e m i s t r y Div i s ion , 
for many helpful s u g g e s t i o n s , and for r ead ing the f in ished w o r k wi th a c r i t i c a l 
eye . Dale J. H e n d e r s o n and Robert G. Scot t , a l s o of the C h e m i s t r v Div i s ion 
p a r t i c i p a t e d in i l l u m i n a t i n g d i s c u s s i o n s . 



A P P E N D I X I 

The A r g o n n e A l p h a - p a r t i c l e S p e c t r o m e t e r 

The A r g o n n e a l p h a - p a r t i c l e s p e c t r o m e t e r i s a d o u b l e - f o c u s i n g in ­
s t r u m e n t wi th an e q u i l i b r i u m o r b i t of XQ = 30 in. The pole f aces have been 
d e s i g n e d so tha t t he z c o m p o n e n t of t he m a g n e t i c field in the m e d i a n p lane 
s a t i s f i e s t he T a y l o r ' s e x p a n s i o n about the e q u i l i b r i u m orb i t ( see F ig , 8): 

r ^ ' ' - XQ / ' • - X O N ^ / " " - X O \ ' / r - X o \ * 

'.(^)'-.(^)'] ( l - l ) 

whe 

Tl = 0 .5 ; 0 . 24 ; - 0 . 0 6 5 ; 

6, = 0 .252 ; - 0 . 7 0 ; •1.90, (1-2) 

and Bo is the m a g n i t u d e of the m a g n e t i c field on the m e d i a n p lane at 
r = XQ, the e q u i l i b r i u m o r b i t . Using the above v a l u e s , we can c a l c u l a t e 
the r a t i o s of the e x p a n s i o n coef f ic ien t s in Eq. (63): 

ai = Bo; 

bB 
^' = ^ 

r=Xo 

1 S ' B Z 

"' ~ 2 3 r ' 

1 S'Bz 

^' " 6 ar' , 

1 S"Bz 

'-' - 24 dr" 

. ,£5 , l i . . i . : , . 6 7 IO-'. 

Xo 

Bo 

Xo 

6 ^ ° 
« i — ; 

— = -£j = 2.67 • 10-"; 
Xo a i 

a4 Y t 
— = — = - 2 . 4 • 1 0 - ' ; 

1̂ xl 

^ = — = 3 . 1 • 1 0 - ' . 
ai xt 

(1-3) 

(1-4) 

(1-5) 

(1-6) 

(1-7) 
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APPENDIX II 

The Nonopt imum Coil Shape 

. e t us cons ide r the effect of us ing an extended dipole co i l^whose 

p a r a m e t e r s do not sat isfy Eq. (21)^ Take \ l ^ ' ^ ' \ V ; Z " ' ^ ^ , T h i s co i l 

0.053 in., and full width 2h = 0.106 m. , so that ^'^^H^^^-^^^ by con -

is cons t ruc ted so that the full width is ^^^^^ ^^^-^^^'^^IZ potior. We 

dition (21) and is an e - e n d e d dipole co wi th ^^^^--^^^^^^^^^ _ , , , , . 

shal l ca lcula te the leading t e r m s tor tne two 

I. The Two-d imens iona l Model 

A. The z Fie ld , Bz 

F o r the s y m m e t r i c coil , condi t ion (21) i s now not s a t i s f i e d , so 

that the contr ibut ion from the s e c o n d - d e r i v a t i v e componen t wi l l not van i sh , 

and we have from (20) 

h. ±lliJi^ 9 1 - x\ 
Vl ^ ai 6 \ r i " 20 1 . x3j ' 

(II-1) 

--r^< — 3.2 • 10-5 < 10-
Vi ai 

(II-2) 

F o r the a s y m m e t r i c coi l , we sha l l aga in a s s u m e tha t the a s y m ­
m e t r y takes the fo rm of a 10% e c c e n t r i c i t y , tha t i s , the r o t a t i o n ax i s i s off­
set f rom the plane of m i r r o r s y m m e t r y by a d i s t a n c e 6 = 0.01 in. ( see 
F ig . 5). We then have f rom (39) 

,a3rif T h f ^ ^ l ^ n / M l 
• ai 6 \ [ r i 20 1 . ^3] \ r 2 / j 

( I I - 3 ) 

< 4 . 2 • 1 0 - " < 1 0 - ' . 
ai 

(II-4) 

B . The X F ie ld , B^ 

F r o m E q s . (39) and (48) we s ee tha t the s a m e e x p r e s s i o n s are 
obtained for the x field as for the z i ie ld , and the above r e l a t i o n s hold for 
this c a se a l so 



II. The Three-dimensional Model 

The z Field, B, 

For the symmetr ic coil, we have from (7 5) for the leading 
t e rms involving the gradient component, a2. 

V, 

12|ai|Vxo/ L̂ O 1 . x3 ' riJ* 
(II-5) 

— 2 10- ' < 10 (II-6) 

For the second-derivative component, aj, we have from (80) for the lead­
ing t e rms 

1̂1 
i-'/'fjyr-g-1 - x̂  ĥ i 
6 a i U o / [20 1 . x3 " r l J 

(II-7) 

< — 3.6 • 10- ' < 10-' . 
ai 

(II-7a) 

For the asymmetr ic coil we shall again assume the eccentr ic­
ity to be of the order of 10%. The eccentricity e r r o r s will be seen to be of 
the same order of magnitude as those associated with a coil that satisfies 
Eq (21), and will be smaller than the relative contribution from the c o r r e s ­
ponding components when using a symmetric coil. For the gradient compo­
nent, a2, we have from (115) for the leading te rm 

;i(^r (II-8) 

— 10- 10- (II-9) 

For the second-derivative component, a3. we have from (119) for the leading 
t e rm 

l/i •- 2 a i U o / • 
(11-10) 

Vx a, 
- J < _ ! 5.5 . 10-8 < 10-'°. (II-11) 
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B. The Radia l F ie ld , Br 

F o r the s y m m e t r i c coil , we have fr 
involving the grad ien t component , a2. 

om (95) for the l ead ing 

Vl 
Vl 

1 

72 

a2 

a i 

rV. 
xi 

h ' 27 1 - x'-
^5 20 1 . x ' 

Vl 
Vl 

< • 

a? 

a i 
i ^ < ^ 1.4 • 1 0 - ' < 10 - ' . 

(11-12) 

(11-13) 

F r o m (99) for the sec 
ond-de r iva t ive component , a3, the l ead ing t e r m s a r e 

LL'fliV 
6 ai \Xo/ 

_9 1 - x ' if_ 

20 1 - x ' ' r'2 

as 

(11-14) 

(11-15) <__: 3.6 • 1 0 " ' < l o ' ' . 

ai 

F o r the a s y m m e t r i c coil , we have f rom (130) tha t the leading 
involving the grad ien t component , a2, i£ 

1.55 • 10- ' ° < 10" 

Vl 

1 
" 24 

a2 
ai 

vr 
< 

(11-16) 

(11-17) 

F r o m (134) the leading t e r m involving the s e c o n d - d e r i v a t i v e componen t 

a3, is 

V 

Vl 
1 —(!.]• 
2 a A x o / 

11-18) 

Vi a, 

Vl a i 
10- 1 0 - (11-19) 

For the case of this p a r t i c u l a r coi l , the t h e o r e t i c a l p r e c i s i o n is not d e t e r ­
mined by the 10% e c c e n t r i c i t y , but by the co i l p a r a m e t e r s and the f a i lu re 
to satisfy Eq. (21). It i s a p p a r e n t tha t the r e a l l imi t on the p r e c i s i o n of the 
m e a s u r e m e n t is s t i l l d e t e r m i n e d by f a c t o r s o the r than imperfec t ions in 
coil cons t ruc t ion , and will be of the o r d e r of lO' or 10 . In genera l , it i s 
seen that when making m e a s u r e m e n t s on such weak ly i n h o m o g e n e o u s m a g ­
net ic fields as a r e g e n e r a t e d in the ANL s p e c t r o m e t e r , any cond i t ions to be 
sat isf ied by the coil p a r a m e t e r s may be g r e a t l y r e l a x e d . 
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